We introduce a new method to bound -torsion in class groups, combining analytic ideas with reflection principles. This gives, in particular, new bounds for the 3-torsion part of class groups in quadratic, cubic and quartic number fields, as well as bounds for certain families of higher degree fields and for higher . Conditionally on GRH, we obtain a nontrivial bound for -torsion in the class group of a general number field.
Introduction
The goal of the present article is to exhibit some bounds on the -part of the class group of a number field which improve on the trivial bound provided by the order of the entire class group. As such, they represent evidence towards a conjecture that the -part of the class group of a number field L of fixed degree grows more slowly than any power of the discriminant of L. Such conjectures have been suggested by Duke [1] , for CM fields by Proposition 3.6 is our most general unconditional result on -torsion. A particular case of Proposition 3.6 is a nontrivial bound on the 3-torsion in even degree extensions of Q with large Galois group; but it also has consequences for > 3 and entails, e.g. a nontrivial bound for the 5-torsion part of the class group of any quadratic extension of Q( √ 5). Finally, in Corollary 3.7 we apply these results to show a nontrivial bound on 3-torsion for cubic and quartic extensions of Q.
The main results combine the use of noninert primes, an Arakelov version of the class group, and reflection principles of Scholz type. Roughly, the point is that small 1 noninert primes in a number field represent elements of the class group which tend not to satisfy any relation with small coefficients. (We are thinking of the class group "additively," rather than "multiplicatively.") Thus the existence of many such primes contributes significantly to the quotient of the class group by its -torsion, yielding the desired upper bounds. While it is known that unconditionally establishing the existence of such primes is very difficult, the GRH guarantees their existence, and this yields the conditional bound of Proposition 3.1. In order to remove the dependence on conjectures in some cases, we combine the argument on small primes with a weak version of the Scholz reflection principle. This yields Proposition 3.4 and Proposition 3.6. In this process, it is essential to deal with number fields with infinitely many units (even the bound for imaginary quadratic fields uses implicitly real quadratic fields, for instance);
for such number fields, the above argument breaks down when implemented naively.
Instead, we use an Arakelov version of the class group, in which the archimedean places do not play any distinguished role.
Sketch of proof for quadratic fields
Say D is negative and D ≡ 1 mod 4. If J is an integral ideal of the imaginary quadratic field Q( √ −D) with norm Norm(J) < D, then J cannot be principal unless it is the extension of an ideal of Q; for if we write J = (x + y √ −D) and take norms, we see at once that y must vanish.
This easily implies that if:
, and e i ∈ Z, (2) p j is a prime ideal above p j , and
Small, in this context, will always mean "small relative to the discriminant of the number field." More precisely, we shall require the norm of the prime to be less than a certain fixed small power of the discriminant.
Reflection Principles and Bounds for Class Group Torsion 3 then the product i p e i i cannot represent a trivial element of the class group. In other words, the p i satisfy no relation with small coefficients (there is a small "piece" of the class group that tends to look free). Among other things, this means that some explicit subset of the p i will represent distinct classes modulo -torsion, so given many such primes one gets an upper bound on the size of the -torsion part.
To adapt this idea to the real quadratic case D > 0 is not trivial, since there is no useful lower bound for the norm of a principal ideal. We fix this problem by using an "Arakelov" version of the class group that allows one to treat imaginary quadratic and real quadratic fields in a completely uniform way. This "Arakelov class group" is, in the quadratic field case, an extension of the usual class group by a circle; however, the "size" of the circle depends on the regulator. Using it we adapt the argument above to the general case.
With this in hand, we can explain the bound for quadratic fields. By Scholz's theorem the 3-torsion in the class group of Q( √ −D) and Q( √ 3D) have (up to a bounded factor) the same sizes. On the other hand, it is clear that either
have many small split primes, because any prime of Q which is inert in Q( √ −3) will split in one or the other field! These primes can be used to bound the size of the 3-torsion in the class group of one of the two fields -and by the reflection principle one thus has an unconditional bound for both fields. This yields a bound on order of D 1/3+ for the size of the 3-torsion part of the class group of Q( √ −D).
Relation to existing work
As remarked, the following might be considered a "folk" conjecture. It is suggested in [1, Section 3]; it is explicitly conjectured in [2] , and also is implied by a still stronger Then the -torsion in the class group of any degree
There are many arithmetic settings in which one wishes to bound the size of a Galois cohomology group H 1 (Gal(Q/Q), M) for some finite abelian Galois module M;
usually the hard part of such a problem is control of the size of an -part of a class group.
For instance, Conjecture 1.1 would imply strong bounds for the ranks of elliptic curves.
As to our methods: the idea of using small split primes in the context of class groups is an old one; in general, the difficulty in even proving that the class group must be large for an imaginary quadratic field Q( √ −D) is closely related to establishing the existence of enough small split primes.
In the context of torsion in class groups, this idea was already used (together with GRH) in the work of Boyd and Kisilevsky [7] on the exponent of the class group of imaginary quadratic fields; in the function field context, the same idea appears in a article of Madan and Madden [8] . (In the function field context, one knows the analogue of GRH and the results are thus unconditional). It came to our attention through the work of K. Soundararajan -implicitly in his article [9] and explicitly in private communication -and independently was suggested to us in a slightly different context by P. Michel.
As remarked, Proposition 3.4 improves on the results of Helfgott-Venkatesh [4] and Pierce [5] concerning the 3-part of quadratic class groups. 
We denote by disc K the absolute discriminant of the field
Small noninert primes in the Arakelov class group

Introduction
In order to avoid problems arising from the group of units, we work consistently with an Arakelov class group, to be defined below.
Reflection Principles and Bounds for Class Group Torsion 5
Let K be a number field of degree d, and let I K be the group of all fractional ideals of K. The usual ideal class group Cl K is formed by taking the quotient I K /K × . If K has more than one place at ∞, this is in some sense an unnatural choice: for instance, if K were the function field of a curve C over F q , and R were the coordinate ring of an affine neighborhood of C, the ideal class group of R would be, not Pic 0 (C), but the quotient of Pic(C) by the subgroup generated by the places in C\SpecR. It is more natural to treat all places of K on the same footing, which means we have to consider Archimedean places as well.
The idea of doing this to give uniform approaches to the class group is wellknown, although we do not know with whom it originates; see e.g. the exposition of Schoof [10] .
Definition
To give a little motivation, we recall that the analytic class number formula gives an explicit expression for the product of the class number and the regulator of a number field K. The class number is the size of a group -the class group of K. The regulator is the volume of a group: the quotient of a Euclidean space by the unit lattice. It would be nice if we could "fit together" these two groups into a larger group, whose volume would equal the product of the class number and the regulator. This can indeed be done, and the "larger group" is the Arakelov class group.
Let K be a number field of degree d and set
places of K, i.e. equivalence classes of embeddings σ : K → C, then each σ ∈ M K extends to a homomorphism σ : K ⊗ R → C, whose image is either C or R according to whether σ is complex or real; we set deg(σ) = 2 in the former case, and deg(σ) = 1 in the latter. For
There is a natural norm map Norm :
Let K × ∞ be the multiplicative group of K ∞ , and K
∞ the subgroup of elements of norm 1.
Let I K be the (free abelian) group of fractional ideals of K, and write Div
K is a number-field analogue of the group of "divisor classes of degree 0." Then K × is diagonally embedded in Div 0 K ; for y ∈ K × , we refer to (y, (y)) ∈ Div 0 K as the principal divisor associated to y. There is a natural projection map Cl
We now fix a measure on K
∞ . The choice is unimportant, so long as it done consistently. In fact, K 
∞ . Since (by means of the exact sequence above) Cl K is locally isomorphic to K
∞ , we obtain also a measure on Cl K . Similarly Div 0 K is locally isomorphic to K (1) ∞ , and we obtain also a measure on Div 0 K . We denote both these measures by "vol", for volume.
For instance, suppose K is a real quadratic field with regulator R K = | log |ε||. Here ε is the fundamental unit of K in either of its real embeddings. Then, the Arakelov class group is an extension of the usual ideal class group by the group K
∞ is the hyperbola xy = 1 under this identification. The map
given by (x, 1/x) → log |x|, is a two-to-one covering. In particular, K (1) ∞ /O * K has volume 2R K , and indeed it follows from definitions that this is true for arbitrary K. Therefore, the volume of Cl K equals 2h K R K in this case, where h K is the class number of K. Lemma 2.1. With the normalization of measures above,
Proof. Up to bounded constants (depending only on [K : Q]) the volume of Cl K , with our normalizations, is equal to the product of the class number of K and the regulator at K.
One then applies the Brauer-Siegel theorem.
There is a natural notion of height on Div 0 K . Namely, for each (x, J) we define
where the latter product is taken over primes p, and v p (J) is the power of p occurring in the prime factorization of J.
Then if (y, (y)) is the principal divisor associated to some y ∈ K × , the height of (y, (y)) is precisely the usual height H(y) of y (considered as the point (y : 1) ∈ P 1 (K)).
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We will need the following lemma, which says that principal divisors cannot be of very low height unless they arise from subfields of K.
Lemma 2.2. Suppose K/K 0 is an extension of number fields of degree d and discrim-
Proof. By embedding G m in P 1 we may think of λ as a point (α :
where α i , β i run over the conjugates of α, β by the absolute Galois group of K 0 . Then
ideals. The product j l j is an integral ideal which depends only on M. We refer to it as
, the principal ideal generated by P -as follows by a direct computation. 4 On the other hand, clearly
2d−2 and, in particular:
3 That is: H(y, (y)) = H(y) := v max(|y| v , 1) where the product is taken over all places of K, and |y| v is normalized to be the multiplicative factor by which x → xy affects Haar measure on the completion K v . 4 Let w be a finite place of K 0 . For arbitrary e 1 , . . . , e d ∈ K, linearly independent over K 0 , However, a direct computation of archimedean sizes in the definition (2.3) shows that
where H ∞ (α : β) = σ∈M K max(|α| σ , |β| σ ). We conclude that
but it is easy to verify that
Note that in the analogous case where K = F q (t), Lemma 2.2 corresponds to the following fact: if a curve C has a degree d map f to P 1 , and if g : C → P 1 is another map such that the map f × g :
(This follows from application of the adjunction formula for curves on P 1 × P 1 . )
Use of small noninert primes
If p is any fractional ideal of K, we can choose a "preferred representative" 
Then #Cl
Proof. Let G be the group Div 0 K , let P be the group K × , and let P be G + P. in explicit terms, in the case of quadratic fields. The content of the remark that follows is entirely due to the referee; we thank him for allowing us to include it.
Evidently the height of u is
[K:Q] Norm(D K/K 0 ) δ . So K 1 := K 0 (u) is a proper subfield of K if Norm(D K/K 0 ) is
But T ⊂ P , so what we have shown is that vol(P /P) [K:Q] vol(T ).
Now the volume of T is at least
We explain the idea in nonquantitative terms.
Let K = Q( √ d) be a real quadratic field, σ the nontrivial automorphism of K, ε > 1 the fundamental unit. We shall choose an embedding of K into R and regard K as a subfield of R thereby.
We define a homomorphism Θ from the group of fractional ideals whose th power is principal, to R/ log(ε)Z, in the following fashion: to each fractional ideal J whose th power is principal and generated by α ∈ K × , we assign Θ(J) := log(| 
4).
Quantifying this yields an explicit proof of the Lemma.
Bounds on -torsion, conditional and unconditional
Conditional bounds under GRH
Proposition 3.1. Let K be an extension of Q of degree d. Then, assuming GRH,
Proof. The proof is immediate from Lemma 2.3, together with the "effective Chebotarev" theorem of Lagarias and Odlyzko [11] which, subject to GRH, guarantees for any η > 0 the existence of (disc K) η− primes of Q of size ≤ (disc K) η which split completely in K.
A version of the reflection principle
We turn now to unconditional bounds. As remarked, producing "small" split primes in a number field without GRH is a major problem in analytic number theory; in particular there is little hope of an unconditional result via direct application of Prop. 3. 
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The number field version of this argument yields reflection principles: a good account of much more general and precise theorems of this form than those used here can be found in the article of Gras [12] . Lemma 3.2. Let > 2 be a prime and ζ an th root of unity. Let K 0 = Q(ζ + ζ −1 ), and let K be an extension of K 0 which does not contain ζ . Let L = K(ζ ), which is a quadratic extension of K. Let Cl + and Cl − be, respectively, the positive and negative eigenspaces
In the statement of the Lemma, and in the proof below, rank denotes dimension as a Z/ -vector space.
Proof. This is standard, but we include a proof here to make the present article selfcontained.
LetÃ be the subgroup of L × consisting of elements whose valuations at all primes are multiples of , and let A =Ã/(L × ) . Then there is a surjection
which sends x to the class of the fractional ideal whose 'th power is (x). The kernel of
. Let L be the field obtained by adjoining x 1/ to L for all x ∈Ã, and let B = Gal(L /L). Then A is naturally identified (as Gal(L/K)-module) with Hom(B, µ ) by Kummer theory, i.e.:
On the other hand, let G be the Galois group of the maximal abelian -extension of L unramified away from . Since L is contained in this abelian -extension, G naturally 
Now, Gal(L/K) acts by −1 on µ and so this means precisely that the positive and
It is worth making explicit how this implies (a slightly weaker version of) the usual Scholz reflection principle:
Let χ 1 be the nontrivial character of Gal(K/E), and let χ 2 be the nontrivial character of Gal(E( √ −3)/E). We regard them both as characters of Gal(L/E). Then Cl L [3] splits as a direct sum of eigenspaces:
where, for any character ψ of Gal(L/E), the notation Cl (1), which implies the stated result.
Unconditional bounds for -torsion
We begin with the most concrete application, which is to quadratic fields. Reflection Principles and Bounds for Class Group Torsion 13
The argument above applies much more generally. For instance, if K 0 is a number field which contains ζ + ζ −1 but does not contain ζ , then we can bound the -torsion in the class groups of quadratic extensions
quadratic extension which may write as
δ ; then, once X is sufficiently large (depending on K 0 ) there are on order of X/ log X primes of K 0 with norm below X which are inert in K 0 (ζ )/K 0 . Then, as above, Lemma 2.3 applies to either K or K 0 ( √ αβ) (as long as we exclude the case α = β, which is harmless) and applying Lemma 3.3, one obtains the following:
Proposition 3.5. Let K 0 be a number field which contains ζ + ζ −1 but does not contain ζ .
Let K/K 0 be a quadratic extension. Then
We generalize this method to higher degree extensions in the following Proposition.
Proposition 3.6. Let be an odd prime, K 0 = Q(ζ + ζ −1 ), and let K be an extension of K 0 of even degree d > 2 such that ζ / ∈ K and such that the extension K(ζ )/K 0 has no proper subextensions apart from K and Q(ζ ). Then
Note that the condition on intermediate subextensions of K(ζ )/K 0 excludes the case d = 2, but we have treated this case immediately above (obtaining a bound better than that of Proposition 3.6).
Let us verify the second assertion. Let k be a number field with two extensions, 
Let S be the set of primes p of K 0 that are unramified in L and inert in Q(ζ ). Take
Then there are d, X/ log(X) primes p in S with norm between X/2 and X. Call this set of primes S X . One of the following possibilities occurs:
(1) The number of primes in S X which are inert in K is ,d X/ log X; or (2) The number of primes in S X which are not inert in K is ,d X/ log X. Suppose the latter. For each such p, there is more than one prime p K of K dividing p; thus there exists such a p K whose norm is at most
. Note that p K cannot come from a proper subextension of K/K 0 , since the only such subextension is K 0 itself by hypothesis, and we have assumed p is not inert in K. It follows from Lemma 2.3 that
Now suppose the former, and let p be a prime of S which is inert in K; we have
of a prime ideal of Q(ζ ), nor the extension of a prime ideal of K: for p remains inert in both of these fields. As above, we may thus choose p L to have norm at most It is possible that the condition on intermediate subfields might be significantly weakened by techniques similar to those used for the proof of the Corollary that follows.
On the other hand, one cannot remove this completely: it is clear that the method of this article fails entirely if ζ ∈ K.
We conclude with the following Corollary: Proof. Most cases follow quite easily from our results and existing results about cubic fields. Indeed, most of the proof will be concerned with dealing with the "nongeneric"
case of quadratic extensions of a quadratic field.
(1) If K is quadratic, we may apply Proposition 3.4 directly.
(2) If K is a noncyclic cubic extension, we apply the main result of [13] to reduce the question to that of the 3-torsion of the quadratic resolvent.
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(3) If K is a cyclic cubic extension, then one has much better bounds through a suitable generalization of Gauss' genus theory. Indeed, if t is the number of ramified primes of K, the 3-rank is t. This implies #Cl K [3] (disc K) .
(4) If K is a quartic extension of Q such that ζ 3 / ∈ K and K(ζ 3 ) has no subfields other than K, Q(ζ 3 ), and Q, Proposition 3.6 shows that #Cl K [3] disc(K) 1/2−δ for some δ > 0.
If the Galois group attached to K/Q is A 4 or S 4 , then K(ζ 3 ) has no unexpected subfields and we are in the case treated above. It remains to deal with the case when K is quartic and contains a quadratic subfield E = Q( √ d). In that case, K = E( √ η) for some η ∈ E. The basic idea is this: we show that Cl K [3] is small either by showing Cl E [3] is small -this is enough if |d| is large compared to disc K -or by treating K as a quadratic extension of E, thinking of E as "almost fixed", and applying Lemma 2.3 to the extension K/E.
